Obtaining reliable estimates of the statistical properties of complex macromolecules by computer simulation is a task that requires high computational effort as well as the development of highly efficient simulation algorithms. We present here an algorithm combining local moves, the pivot algorithm, and an adjustable simulation lattice box for simulating dilute systems of bottle-brush polymers with a flexible backbone and flexible side chains under good solvent conditions. Applying this algorithm to the bond fluctuation model, very precise estimates of the mean square end-to-end distances and gyration radii of the backbone and side chains are obtained, and the conformational properties of such a complex macromolecule are studied. Varying the backbone length (from N b = 67 to N b = 1027), side chain length (from N = 0 to N = 24 or 48), the scaling predictions for the backbone behavior as well as the side chain behavior are checked. We are also able to give a direct comparison of the structure factor between experimental data and the simulation results.
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I. INTRODUCTION
The so-called "bottle-brush polymers" consist of a long macromolecule serving as a "backbone" on which many flexible side chains are densely grafted [1] [2] [3] [4] . In nature, bottle-brush like aggrecans have been found in the cartilage of mammalian including human joints and are indeed held responsible for the excellent lubrication properties in such joints [5, 6] . Recently, the chemical synthesis of such complex molecular bottle-brushes has become possible in laboratories with newly developed synthetic techniques [7] [8] [9] [10] . Theoretical predictions of the conformational properties of bottle-brush polymers based on the blob picture, the scaling theory, and the selfconsistent field theory have also been worked out. However, in order to check the theoretical predictions and to give a reasonable explanation for the experimental results or to control the functions of bottle-brush polymers computer simulations are needed for a deeper understanding of the structure of these macromolecules.
"Static" Monte Carlo (MC) algorithms (simple sampling of self-avoiding walks (SAWs)), extensions such as dimerization, enrichment techniques, Rosenbluth's inversely restricted sampling and the pruned enriched Rosenbluth method (PERM) do not converge for very large branched polymers such as bottle-brushes. "Dynamic" MC algorithms also encounter serious problems, since the relaxation times of these polymers are expected to be excessively large, and hence prohibitively long MC simulations would be required. In the early work on bottle-brush polymers in a good solvent, both lattice and off-lattice models were used for MC simulations. Using the bond fluctuation model [43] [44] [45] [46] on a simple cubic lattice, applying local moves to the bottle-brush polymers, side chain lengths up to N = 64, backbone lengths up to N b = 64, and grafting densities up to σ = 1 were studied in [26] . In combination with the pivot move algorithm, N b up to 800, N up to 80, and σ < 1/3 were studied in [22, 25] . Using flexible freely jointed chains [23, 32] and the bead-spring model [35] with hard sphere interactions in a continuous space and using the pivot moves, the largest bottle-brush polymers which were studied were N b = 402, N = 25, and σ = 1, and using the Metropolis algorithm for the latter model, maximum values of N b = 100, N = 50 were studied. However, although all these studies clearly are very interesting and stimulating, the accessible parameter range clearly was not large enough (and the accuracy of the results not precise enough) to allow a straightforward test of the theoretical concepts, and thus a need for further work with different methods clearly did emerge.
In our previous work [37, 38] , we were able to simulate bottle-brush polymers with rigid linear backbone and flexible side chains under various solvent conditions by applying a variant of the PERM algorithm [47] to a simple lattice model with periodic boundary conditions along the backbone. Under good solvent conditions, we have shown that the power laws predicted for the side chain behavior are still difficult to reach although the maximum side chain length in our simulation was N = 2000. However, a crossover behavior from 3D SAW-like side chains to stretched side chains was presented in [37, 38] as the side chain length or the grafting density increased. Of course, removing all configurational degrees of freedom of the backbone was a crucial prerequisite to allow the successful use of the PERM algorithm, but it also means that highly interesting questions (such as backbone stiffening due to the side chains) could not be studied.
Recently, we have focused on the comparison of structure factors to experimental data and on the persistence length [40] [41] [42] of the backbone using the bond fluctuation model on a simple cubic lattice. This communication will discuss in detail the algorithm we developed for these simulations. It is introduced in Sec. II, and results for the conformational properties of bottle-brush polymers only achievable by this very efficient simulation approach are shown in Sec. III. Finally, our conclusions are presented in Sec. IV. 
II. MODEL AND SIMULATION METHODS
For studying bottle-brush polymers with a flexible backbone and with flexible side chains under very good solvent conditions so that only excluded volume effects are considered, we generalize the standard bond fluctuation model for linear polymers [43] [44] [45] [46] to bottle-brush polymers. In the standard bond fluctuation model, a flexible polymer chain with excluded volume interactions is described by a chain of effective monomers on a simple cubic lattice (the lattice spacing is the unit of length). Each effective monomer blocks all 8 corners of an elementary cube of the lattice from further occupation. Two successive monomers along a chain are connected by a bond vector b which is taken from the set {(±2, 0, 0), (±2, ±1, 0), (±2, ±1, ±1), (±2, ±2, ±1), (±3, 0, 0), (±3, ±1, 0)}, including also all permutations. The bond length | b| = b is in a range between 2 and √ 10. There are in total 108 bond vectors serving as candidates for building the conformational structure of bottle-brush polymers.
As shown in Fig. 1 , the geometry of the bottle-brush polymer is arranged in a way that side chains of length N are added to the backbone at a regular spacing 1/σ (σ is the grafting density), and two additional monomers are added to the two ends of the backbone. Thus, the number of monomers of the backbone N b is related to the number of side chains n c via
and the total number of monomers of the bottle-brush polymer is N tot = N b + n c N . Creating an initial configuration of a bottle-brush polymer that does not violate any excluded volume constraint would be a highly nontrivial matter if we would require that both backbone and side chains are already coiled. Thus one simple way to construct an initial configuration of bottle-brush polymers in the simulation is to assume that the backbone and all side chains are rigid rod-like structures. In order to fit the criteria of the bond fluctuation model without further checking, the backbone is placed in the direction along the z-axis with fixed bond length b = 3 between two successive monomers on the backbone. The bond vectors of each side chain are chosen randomly from one of the allowed bond vectors in the (xy)-plane, but the bond vectors used to connect the monomers on the same side chain starting from the grafting site on the backbone are the same.
In our algorithm, instead of trying to move a monomer to the nearest neighbor sites in the six directions ("L6" move), ±x, ±ŷ, and ±ẑ for the standard bond fluctuation model, we use the local 26 ("L26") moves [48] . Namely, the chosen monomer is allowed to move to not only the nearest neighbor sites but also the next neighbor sites, and the sites at the 8 corners, which are located √ 2, and √ 3 lattice spacings away from the chosen monomer, respectively. The move is accepted only if the selected new positions are empty and the bond length constraints are satisfied. The key point of this move is that it allows for crossings of bonds during the move; no such simple moves that allow bond crossing for the simple SAW model (where the bond length is fixed to one lattice spacing) are known. Without the possibility of bond crossing, two side chains of the bottle-brush that happen to be entangled with each other would relax this topological constraint only extremely slowly.
Since neighboring side chains are rigidly grafted to neighboring "anchor points" at the backbone, they can never diffuse away from each other, unlike free chains in a solution or melt; thus topological constraints could (a), and the space occupations in the Cartesian coordinates (∆x(t), ∆y(t), ∆z(t)) (b). Here we apply the "L26 +pivot" algorithm to simulate a bottle-brush polymer of N b = 515, N = 12, and σ = 1. The time series obtained when using the "L26" move is shown in the inset. The legends e1, e2, e3 in (a) indicate three different starting configurations.
relax only via an "arm retraction mechanism" familiar from star polymers, if the algorithm ensures noncrossability of chains. This arm reaction leads to an extremely long relaxation time. This problem is avoided by the "L26" moves. Applying the "L26" move algorithm to a small bottle-brush polymer of 431 monomers (N b = 35, N = 12, and σ = 1), results of the time series of the square gyration radius of the backbone scaled with the scaling law for 3D SAWs, R 2 gb (t)/N 2ν (ν = 0.588), and the time series of the shape change of bottle-brush polymers, which is described by the space occupation in the Cartesian coordinates (∆ x (t), ∆ y (t), ∆ z (t)) shown in Fig. 2 indicate that it needs about 10 6 MC steps to reach an equilibrium state. Here one MC step is a sequence of N tot "L26" moves (each monomer is attempted to move once). As the number of monomers on the backbone increases to N b = 515, i.e., the total number of monomers increases to N tot = 6671, one would expect for a Rouse scaling of the relaxation time τ ∼ N 1+2ν that it might need about 400 times the number of MC steps to reach an equilibrium state. Unfortunately, the simple Rouse behavior does not describe the scaling of the relaxation time for the bottle-brushes and the relaxation time increases even faster as shown in the inset of Fig. 3 . In our simulations, the lattice size V = L x × L y × L z is chosen large enough so that no monomer can interact with itself. The ith monomer located at the site
No periodic boundary condition is considered here but a hashing method is used to map the position of monomers back into the original box. For small bottle-brush polymers it is possible to set the lengths of the simple cubic lattice equal in each dimension, i.e., L x = L y = L z = 3N b (the maximum length determined by the initial configuration), while for large bottle-brush polymers one encounters difficulties in the limitation of computer memory. Therefore, in order to be able to simulate large bottle-brush polymers, a new method is introduced which separates the equilibrating process into several stages. The maximum lattice size which we can use on the computer is 2 28 . Thus, we first choose
28 . As shown in Fig. 3 , the time series of ∆ x (t), ∆ y (t), and ∆ z (t) as well as configurations in the intermediate state are stored. After t f MC steps, we reset the size of the lattice by decreasing L z to
Here t f is the number of MC steps at the current stage, which can be adopted to the simulation such that the condition ∆ x < L x and ∆ y < L y holds. We repeat the same procedure until L x = L y = L z since the space occupation of the conformations of bottle-brush polymers must be isotropic.
To speed up the equilibrating process and the time for generating independent configurations, in addition to the local "L26" move [48] also pivot moves [49] are used. Two types of moves are attempted (see Fig 4) :
(i) a monomer on the backbone is chosen randomly (ii) A monomer is chosen randomly from all the side chain monomers, and the part of the side chain from the selected monomer to the free end of the side chain is transformed by one of the 48 symmetry operations.
Again, we apply the "L26 + pivot" algorithm to the bottle-brush polymers with N b = 515, N = 12, and σ = 1 but start the simulations from three different initial configurations named by e1, e2, and e3. From the results shown in Fig. 3 , we see that the equilibrium states are reached in less than 10 6 MC steps. Here one MC step is a sequence of N tot "L26" moves, k pb pivot moves of the backbone and k pc pivot moves of side chains; k pb is chosen such that the acceptance ratio is about 40% or even larger, while k pc = n c /4. It takes about 1.25 hours CPU time on an Intel 2.80 GHz PC to reach the equilibrium state (after 10 6 MC steps are performed) for one single simulation of bottle-brush polymers (N b = 515, N = 12, and σ = 1) with N tot = 6671, k pb = 40, and k pc = 128.
Another important point one has to be aware of is that the monomers on the backbone, labelled as 0, 1, . . ., N b − 1, which can be selected as a pivot point N p b for applying the pivot move are also limited due to the size of the lattice we set up before reaching the equilibrium state. However, once the system is in equilibrium one has to allow all possible moves (1 ≤ N p b ≤ (N b − 2)) with the "L26+pivot" algorithm. For the case shown in Fig. 3 , the equilibrating process is divided into four stages: 
As a caveat, the number of stages needed for the system reaching the equilibrium is empirical. It varies according to the size of the backbone length and fluctuations from one equilibration path to the other equilibration path. When one simulates an end-grafted bottle-brush polymer adsorbed to an impenetrable flat surface, it also varies depending on the attractive interactions between the monomers and the surface. Due to the fluctuation of the conformations of bottle-brush polymers, the time series of the square gyration radius of the backbone, R 2 gb (t), and the space occupations in the Cartesian coordinations (∆ x (t), ∆ y (t), ∆ z (t)) of the bottle-brush polymers (similar to the functions shown in Fig. 3) are required in order to determine the lengths of the simulation box for the next stage and to check whether the equilibrating process is finished or not.
The efficiency of the algorithm and the number of MC steps needed for getting an independent configuration for the measurement were determined by the autocorrelation function c(A, t), . We see that the "L26+pivot" algorithm is two orders of magnitude faster than the "L26" algorithm for the four cases of bottle-brush polymers (backbone length N b = 35, grafting density σ = 1, and side chain lengths N = 48, 24, 12, and 6) we chose. Also, increasing the side chain length from N = 6 to N = 48, the autocorrelation time for the side chain structural relaxation increases by more than two orders of magnitude for the "L26" case and by less than one order of magnitude for the "L26+pivot" case. When we increase the backbone length N b to N b = 515 and adjust the number of pivot moves for the side chains tried from k pc = 8 to k pc = 128 in each Monte Carlo step such that on average about 1/4 of the side chains is tried for a pivot move in each MC step, we can see in part a) of Fig. 6 that the decay of the autocorrelation function for the side chain structure occurs on the same time scale, i.e., it is only the average number of pivot moves per side chain which determines the autocorrelation time. The same is true for the backbone as we can see in part b) of that figure. Here we plot the autocorrelation function explicitly against the total number of pivot moves tried, t k pb , and it is obvious that the structural relaxation for the much longer backbone chain occurs on the same time scale as the one for the short backbone chain. A systematic increase of the relaxation time for both, side chains and backbone, as a function of side chain length remains, however. The stage wise decomposition of the equilibrating process, with the appropriate adjustment of the simulation volume, as described above, is a crucial step of our procedures, and a novel ingredient, not used in other contexts, and was a prerequisite for successful simulations. Rescaled mean square end-to-end distance R 
III. RESULTS
In order to test our program, we first simulated linear polymer chains of N b monomers under good solvent conditions, i.e., N = 0. According to the scaling law of the mean square end-to-end distance, R the stretching of the backbone is induced by the chain length N as well as the grafting density σ, whereas one observes that the backbone of the bottle-brush polymers behaves like a SAW with increasing N b but fixed N . In Ref. [41, 42] , it has been pointed out that the persistence length p,R which describes the intrinsic stiffness of bottle-brush polymers can be determined by the mean square end-to-end distance of the backbone, R 2 eb ,
Here b ≈ 2.7 is the average bond length of polymer chains for the bond fluctuation model. The snapshots of conformations of bottle-brush polymers which contain 131 monomers on the backbone and N monomers on each side chain in a good solvent displayed in Fig. 8 also show that the backbone becomes stiffer as the side chain length N increases from 6 to 48. Another quantity which can be used to examine whether the system does reach the equilibrium and the statistics are reliable enough is the mean square end-toend distance R 2 ec,⊥ (or radius of gyration R 2 gc,⊥ ) of the side chains along the backbone in the direction perpendicular to the backbone. For bottle-brush polymers of a flexible backbone, the perpendicular direction is determined by the vector pointing from the grafting site to the center of mass of the corresponding grafted side chain. Plotting R 2 ec,⊥ /N 2ν against the normalized position k/(n c − 1) for k = 0, 1, . . ., n c − 1 in Fig. 9 , a plateau appears with tiny fluctuations for 0.2 < k < 0. 8 showing that in the interior of bottle-brush polymers the side chains behave the same for fixed side chain lengths N as expected after taking the average over sufficiently many independent samples. The side chains stretch away more from the backbone as the side chain length N and the grafting density σ increases. The decreasing behavior of R 2 ec,⊥ for the side chains near the two ends of the backbone obviously arises from the fact that monomers on these side chains have more freedom to move.
Finally, a comparison of the structure factor S(q) between the experimental data [9] and our simulation results [41] is shown in Fig. 10 . The normalized structure factor S(q) is defined by
where c( r i ) is an occupation variable, c( r i ) = 1 if the site r i is occupied by a bead, and zero otherwise. Note that an angular average over the direction of the scattering vector q has been performed, and the sums run over all monomers (all side chains and the backbone). = 400, N exp = 22 [9] , compared with simulated structure factor S(q) for N b = 259, N = 48 [41] . Rg = 30.5 nm obtained from the experimental data [9] and Rg = 115.8 (lattice spacing) from the simulation result [41] .
when the momentum q is scaled by R g . Here R g is the gyration radius of the whole bottle-brush polymer. In this case, R g = 115.8 (lattice spacings) is obtained from our MC simulations and R g = 30.5 nm is obtained from the experimental data. One can immediately translate 1 nm ≈ 3.79 lattice spacing. Clearly, translating the length units from the large-scale structure (small q behavior) and choosing the length of backbone and side chains correctly, one obtains a faithful description of the experimental scattering function over the whole q-range studied.
IV. CONCLUSION
We have presented extensive MC simulations for bottle-brush polymers under good solvent conditions using the bond fluctuation model with a newly developed efficient MC algorithm combining the "L26" moves, the pivot moves, and an adjustable simulation lattice box which changes its shape from a very elongated parallelepiped to a cube as the equilibration of the bottlebrush polymer conformation from an initial stretched backbone to a coiled conformation proceeds. Using this fast algorithm to generate a sufficiently large number of independent configurations in equilibrium, we are able to obtain high accuracy estimates of the related characteristic length scales for describing the conformational properties of bottle-brush polymers, such as the endto-end distance of a side chain and the backbone, the persistence length of the backbone, the effective crosssectional radius of the whole bottle-brush polymers etc. From the computer simulations, the scattering intensity contributed by any part of the bottle-brush polymers are calculated directly. Therefore, we are also able to compare our simulation result to the experimental data directly and test those models used in the analysis of experimental data.
Recently, this algorithm has also been employed successfully to study the conformational change of bottlebrush polymers as they are absorbed on a flat solid surface by varying the attractive interaction between the monomers and the surface [50] . In our future work, it will be interesting to see how far this algorithm can be applied for studying bottle-brush polymers under poorer solvent conditions. 
